In this paper,explicit formulae for the fourth power mean of the two-term exponential sums 4 1 mod 1 | ' ( ) ( ) |        k qq m q a ma na ae q and 4 1 mod 1 ' | ' ( ) ( ) |        k qq m q a ma na ae q are obtained, where q is an arbitrary integer,(n,q)=1, 2 ()   ix e x e ,  is a Dirichlet character mod q . This extends the results of H. Chen et al. by avoiding the restrictionqbeing an odd integer.
INTRODUCTION
For integers , , , q m n k with 3, 2  qkand Dirichlet character mod The two-term exponential sums originally arose in connection with Waring's problem and the aim is to find optimal bounds. Many famous scholars such as H. Davenport (Darvenport and Heibronn, 1936) , L. K. Hua (Hua, 1957) ,J. H. Loxton (Loxton and Smith,1982) and T. Cochrane (Cochrane and Zheng, 2000) had studied the problem and acquired abundant fruits . The single value of the two-term exponential sums is irregular, but the high power means that value owns graceful arithmetical properties and it in turn become an interesting focus for many attentions. For example, the fourth power mean of the two-term exponential sums 
have explicit formulae. The explicit formula of the fourth power mean of (1.1) is obtained by Z. F. Xu (Xu and Zhang, 2007) , where ,( , ) 1   q p k p . When q is an odd positive integer, H.Chen (Chen, 2013) . When q is an odd positive integer, H.Chen (Chen, 2014) extended this result by avoiding the restriction ( , ) 1  kp . 245 Unfortunately, there is no result about (1.1) and (1.2), under the condition k is an arbitrary positive integer and q is an even positive integer. In this paper, to complete the explicit formulae of ( 
PRELIMINARIES
To prove Theorem 1 and Theorem 2, some lemmas are given in the following. Lemma 1. Assume 2,  l the exponent of 5 modulo 2 l is
run through a reduced residue system modulo 2. l Proof. See the theorem 3.9.2 in the Ref. (Hua, 1979 ( 1) 5 (mod 2 ).   a bl a Proof. See the theorem 3.9.3 in the Ref. (Hua, 1979) . Lemma 3. Consider the following congruence equation
where k is a positive integer and a runs through a reduced residue system modulo 2.  Let , k N denote the number of solutions of equation (2.1), then we have , 1, ( , 2) 1, (2 , (2 )), ( , 2) 2.
  then the only solution of (2.1) is
, then the solutions of (2.1) is 2 1(mod 2 ).  a So we have ,2 1, ( , 2) 1, 2, ( , 2) 2.
  then for an arbitrary odd number a there exits an integer b satisfying 1 2
( 1) 5 (mod 2 ),
run through a reduced residue system modulo 2.  Inserting (4) into (3), we obtain
, then we have 0 5 5 (mod 2 ),   k bk a by Lemma 1, we know the exponent of 5 modulo 2  is 2 2   , so we get 22 0(mod 2 ), 1 2 .
Obviously, the only solution is 2 0(mod 2 ).
So the solution of equation (3) 
from equation (6), we get 22 0(mod 2 ), 1 2 .
We easily get the number of solutions of equation (7), i.e., 2 2 ( , 2 ) 2 .
From the above analysis, we immediately get Lemma 3. Lemma 4-7 are the supplements to Chen's lemmas in Ref. (Chen, 2013; Chen, 2014) . Lemma 4. For any positive integers 2,   k is a positive integer, then we have 1 22 1 11 11 2 ( 1)( 1) 1 2 , ( , 2) 1, ' ' 1 [2 (2 , (2 )) 2 (2 , (2 ))](2 , (2 )) (2 , (2 )) (2 ), ( , 2) 2.
Proof. We divide the sum into two cases: 2 || 1( 1, 2, , 1),
Then we obtain 2 2 1 2 2 2 2 1
Actually, i A denotes the number of solutions of the system of congruences 1 1(mod 2 ) 1(mod 2 ) 1(mod 2 )
where
, abrun through a completely reduced residue system modulo 2.  From Lemma 3, we have 1 11 2 , ( , 2) 1, [2 (2 , (2 )) 2 (2 , (2 ))](2 , (2 )), ( , 2) 2.
equals to the number of solutions of the congruence 1(mod 2 ),
where , abrun through a reduced residue system modulo 2.  From Lemma 3, we have
(2 ), ( , 2) 1, (2 , (2 )) (2 ), ( , 2) 2.
In conclusion, we have 1 22 1 11 11 2 ( 1)( 1) 1 2 , ( , 2) 1, ' ' 1 [2 (2 , (2 )) 2 (2 , (2 ))](2 , (2 )) (2 , (2 )) (2 ), ( , 2) 2.
That completes the proof of Lemma 4. Lemma 5. For any positive integers 2,   we have 1 22 1 11 2 ( 1)( 1) 2 ||( 1)( 1) 0, ( , 2) 1, ' ' 1
( 2) 2 , ( , 2) 2. 2 2 2 2 2 2 2 1 1 1 1 1 1 1 1 2 ( 1)( 1) 0(mod 2) 0(mod 2) 2 ||( 1)( 1) 2 ||( 1)( 1) 2 ||( 1) 2 ||( 1)
Actually, i C equals to the number of solutions of the system of congruences 11 00 1 1 0(mod 2), 1(mod 2 ), 1(mod 2 ), 1(mod 2 ), 1(mod 2 ), 
In conclusion, we have 1 22 1 11 2 ( 1)( 1) 2 ||( 1)( 1) 0, ( , 2) 1 ' ' 1
( 2) 2 , ( , 2) 2. 
Proof. We have 2 2 2 2
in Lemma 4, we have 1 2 2 2 2 2 2 1
This proves Lemma 6. Lemma 7. For any positive integers ,,  k we have 1 1 22 11 2 ( 1)( 1) 2 ( 1)( 1) 2 , ( , 2) 1, ' ' 1 ( 1) 2 , ( , 2) 2. 
Firstly, we concern the calculation of . D counts the number of solutions of the system of congruences 1 1(mod 2 ), 1(mod 2 ), 1(mod 2 ),
By Lemma 3, the number of solutions of (11) is 11 2 (2 2 )2 2 .
( , 2) 2,  k then 11 2 00 0(mod 2). 1(mod 2 ) 1(mod 2 ) 1(mod 2 )
By Lemma 3, the number of solutions of (12) 
